Abstract-Resonant cavity modes in a torus with elliptical cross section are studied by means of a direct variational method. The nonlinear effects of toroidicity and ellipticity on the frequency of the basic mode are analyzed simply and systematically without the restriction of linear theory. It is shown that the toroidicity effect on the m=O transverse magnetic mode is 5 11%. The frequency of the mode shifts -11 -29% when the elongation of the cross section changes from 1 to 2. The effects of toroidicity and ellipticity differ for each resonant mode.
I. INTRODUCTION ADIO-FREQUENCY (RF) breakdown and the initiation
R of the plasma discharge in tokamaks and stellarators using the electron-cyclotron range of frequency have been reported in various publications.
The motivation for these studies has been to supplement or substitute conventional ohmic-breakdown methods. RF cavity modes should provide an effective method for plasma breakdown, possibly at high density.
The RF breakdown process includes the ionization of the neutral gas and the initiation of the plasma column. In this way, moderate-frequency RF power is applied at a resonant cavity mode so that a high electric field is built up and produces the plasma discharge. The advantages of this approach are: (i) breakdown may be possible at high density, which should prevent low-density electron runaways; (ii) peaked density profiles may be induced; (iii) the magnetic flux expenditure and poloidal field power supply requirements should be reduced; and (iv) well-controlled and reproducible plasma breakdown should be possible away from the vessel wall.
In this paper we study resonant cavity modes in general tokamak configurations and specifically, in the proposed fusion-ignition experiment, IGNITEX. The IGNITEX device is a single-turn-coil, high magnetic field, compact tokamak with a major radius of p = 1.50 m and a minor radius, a. = 0.47 m. The cross section is elliptical, with an elongation 7 = b / a = 1.6. Since the geometry of the cavity is relatively complex, it is difficult to calculate the resonance frequency in the torus cavity by the usual analytical methods. Conventional analyses consider the deviation from the circular cross section and the toroidicity of the torus (inverse aspect ratio) as small parameters; the problem is then solved by approximate linear methods. In some cases of interest these parameters are not small, so that higher order effects have to be retained and the effects of the cross-section elongation and toroidicity of the torus cannot be treated through the linearization technique. For simplicity, we deal here with the symmetric and lowest order resonant cavity modes which seem favorable to break down the gas in the cavity. We apply a direct variational method, which provides a solution to the problem without the linear restriction on the cavity elongation and toroidicity. This method yields accurate results through relatively simple computations. Analytical forms for the frequencies of the modes are obtained for general toroidicity and ellipticity. The results are specifically evaluated for modes suitable for plasma breakdown in the IGNITEX device.
RESONANT MODES IN A CYLINDRICAL CAVITY WITH ELLIPTICAL CROSS SECTION
The cavity is assumed to be a perfect conductor surface enclosing a homogeneous and isotropic medium. The dielectric constant E and permeability , LL are assumed uniform. Considering a time dependence like ciwt for the field in the cavity, the Maxwell equations take the following form:
where v2 is the Laplacian differential operator.
The boundary conditions at the conducting surface are
where n is the normal vector, E is the electric field, and H the magnetic field.
In a cylindrical cavity of radius Ro and length d, the frequencies of the resonant modes are given by the expression: consist of transverse electric (TE,,l) and transverse magnetic (TMmnl) modes. The TM modes are preferred here for plasma breakdown, because of their nonzero axial electric field E. The lowest mode TMolo has a frequency such as
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The field components of TMolo are:
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and (4) where the subscripts z and B refer to the axial and azimuthal components, respectively.
Next, we consider a cylindrical cavity of elliptical cross section (Fig. 1) . In this case, (1) is no longer easily separable. We consider that the electric field in the 2 direction has the form:
Then E satisfies:
The solution of (8) can be expressed as [7] . It seems reasonable here to consider N = 0, since we are mainly interested in the estimation of eigenfrequencies with an error N lo-'. Thus (10) reduces to E = rfo(.). 
(17) The corresponding boundary condition can be derived from the regularity conditions for (17):
and The eigenvalues of (17), A, can be obtained by numerical methods. The values of {A} depend on the elongation = b/a. When ab = 1, our results are shown in Table I .
In Table I , x , , = fi (m is the poloidal wave number, and n the radial wave number). We note that the frequency increases as the cross section is made more elliptical. It is obvious that no pure TM or TE modes can exist in a toroidal cavity, except in the m = 0 mode. To breakdown the gas in the IGNITEX device cavity, we consider the lowesttoroidal direction has the form:
17 is the elongation and * denotes the IGNITEX case
For r! = ' 9 the exact for the lowest modes order resonant modes and assume that the electric field in the are: given in Table 11 . From this table one can see that vOl changes ( slightly, while v02 changes much more when the elongation 77 varies from 1 to 2.
The corresponding boundary condition is:
Obtaining an analytical solution of Maxwell's equations in a toroidal configuration is a rather tedious process, even when the cross section is circular [l] . If the cross section is elliptical, conventional methods of analytical solution become intractable. It is shown here that a direct variational method provides a practical approach in finding a solution to Maxwell's equations in a toroidal cavity with an elliptical cross section. We consider the geometry of Fig. 2 with a minor and major radius of the elliptical cross section a and 6, respectively. Our calculation includes toroidicity and elongation effects properly (no perturbation analysis is carried out around the case of the cylindrical configuration with circular cross section).
After Fourier analyzing, we use the cylindrical coordinates
to write electric field E in (1) into three component forms:
with The Lagrangian associated with (21) is:
where
Because it is well known that symmetrical TM modes are the favorable ones that have a nonzero toroidal electric field E to breakdown the gas in the toroidal cavity, following the arguments of the previous section, here we only consider a solution of the symmetrical form:
The variational equation equivalent to (21) is: 
The variable Z is eliminated by integration so that (24) becomes:
The solution of the functional equation exists only when f satisfies the following Euler equation:
Equation (26) can be written as a second ordinary differential equation with variable coefficients:
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The corresponding boundary conditions are:
Equations (27) to (29) define an approximate eigenvalue problem of the exact eigenvalue problem defined by (21) and (22). These equations are numerically solved with the pivot element elimination method.
Next, we evaluate the effect of toroidicity on the frequency of resonant modes in a toroidal cavity. We consider a crosssection area S = abT = 0 . 3 5 3~ m2 (corresponding to the IGNITEX device). When the major radius p changes from 0.47 to 20 m, the frequency v010 decreases by 11%. The vllo and v020 frequencies change by 7 and 5%, respectively. Table I11 gives the results of toroidicity effects in detail. The subscripts in v k l m refer to the transverse magnetic modes with poloidal mode number IC, radial mode number 1, and toroidal mode number m. It is seen that the difference between the resonant frequencies in a fat torus (low aspect ratio p N a) and a lean torus (high aspect ratio p >> a) is negligible. The frequencies of the m = 0 mode increase when the major radius decreases from 20 to 0.47 m. Therefore toroidicity effects can usually be neglected, except for aspect ratios close to unity. Now we evaluate the effects of elongation of the cross section in a toroidal configuration. We consider a = d m m and b = ,/-m. For the toroidal mode number m = 0, the frequencies of the TM resonant modes are given in Table IV and Fig. 3 .
For the TMolo mode, the frequency increases about 5% when 7 varies from 1 to 1.6. From Fig. 3 , we can find that the resonant frequency for mode TMolo has a local minimum at 7 = 1. The corresponding frequency changes for the resonant modes TM020 and TMllo are -14 and 19%, respectively.
From these results, we conclude that the effects of elongation can be significant for some modes.
IV. CONCLUSIONS It is proved that the direct variational method is powerful in attacking the resonant problem with a complicated boundary shape. By means of the variational method the following physics results are reached: the lowest resonant modes in toroidal cavities with elliptical cross section are analyzed by a variational method. It is concluded that crosssection elongation can have important effects by shifting the frequency of the resonant cavity modes. However, toroidicity effects are rather small, except perhaps for the aspect ratio near 1.
